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Abstract — We consider linear ill-posed problems Az = y in Hilbert spaces with minimum-
norm solution z! and suppose that instead of y noisy data y® are given satisfying ||y — y°|| < &
with known noise level §. For the stable numerical solution regularization methods are con-
sidered including continuous regularization methods such as ordinary Tikhonov regularization
xf = (A*A 4+ r_ll)_lA*y5 and iterative regularization methods. For the proper choice of the
regularization parameter r (which is the stopping index in iterative methods) we study the
monotone error rule (ME rule): Choose r = rjyp as the largest r-value for which it can be guar-
anteed that the error ||z% — || is monotonically decreasing for r € (0, r75]. We compare this
rule with other a posteriori rules and give conditions for which convergence and order optimal
convergence rate results can be guaranteed. For the computation of rp;p in Tikhonov methods
some nonlinear equation has to be solved. Newton’s iteration for this equation appears to be
globally and monotonically convergent. Numerical experiments are provided that verify some
of the theoretical results.

1. INTRODUCTION

In this paper we consider linear ill-posed problems
Axr =y (1.1)

where A € L(X,Y) is a bounded operator with non-closed range R(A) and X,Y are
infinite dimensional real Hilbert spaces with inner products (-, -) and norms || - ||, respec-
tively. We are interested in the minimum-norm solution z' of problem (1.1) and assume
that instead of exact data y there are given noisy data y®° € Y with ||y — 3°|] < § and
known noise level 4.

[ll-posed problems (1.1) arise in a wide variety of problems in applied sciences. For
their stable numerical solution regularization methods are necessary, see [4, 19, 26, 39].
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Regularization methods can be divided into continuous regularization methods that in-
clude ordinary Tikhonov regularization 2° := R,y® = (A*A +r~11)71 A"y’  and iterative
regularization methods where the stopping index plays the role of the regularization pa-
rameter. The element 2’ = R,y’ is called regularized approximation for the minimum-
norm solution x' of problem (1.1) provided

1. for any r > 0, R, : Y — X is continuous and

2. for arbitrary y € Y with Qy € R(A), li_>m | R,y — «T|| = 0, where Q is the projection

operator onto R(A)

(see [36]). Traditional regularization methods possess the property that in the case of
exact data the error ||z% — 21| as a function of r is monotonically decreasing for r — oc.
This property is no longer true for the error ||#° — zt||. In the case of noisy data the
situation is as follows:

(i) If » becomes too large, then the error ||z° — zf|| increases due to the fact of ill-
posedness of the operator equation (1.1).

(ii) If r becomes too small, then the error ||x5 — 27| increases due to the fact that the
error ||z% — zT|| is monotonically increasing for decreasing r-values.

The monotone decrease of the error ||z} — z1|| for growing r-values can only be guaranteed
for small r. Typically ||z’ — 2f|| diverges for r — oo. Therefore a rule for the proper
choice of the regularization parameter r is necessary.

In the monotone error rule for choosing a proper regularization parameter the idea
consists in searching for a largest computable reqularization parameter r = ryp for which
we can guarantee that the error ||xd — 2t|| is monotonically decreasing for r € (0,ryg).
For continuous regularization methods this means that

d
aﬂxf — 2t <0 forall re(0,ryg], (1.2)
for iteration methods this means that
|20 — 2f|| < ||z, —2f|| forall r=1,2,...,ryzs. (1.3)

Similar rules for the choice of the regularization parameter which are based on mono-
tonicity properties of the error were proposed and studied for some iterative methods
in [1, 2, 13, 15, 16], for the method of ordinary Tikhonov regularization in [34] and for
the method of iterated Tikhonov regularization and some other continuous regularization
methods in [14, 15, 35].

In this paper we study the ME rule for continuous regularization methods includ-
ing Tikhonov methods and asymptotical regularization, and for iterative regularization
methods including gradient type methods (Landweber’s method, steepest descent method,
minimal error method) and implicit iteration methods. We compare the ME rule with
other a posteriori rules including Morozov’s discrepancy principle and study questions
concerning convergence :z:fME — 21 for § — 0 and concerning order optimal error bounds
under certain source conditions. For the computation of ry;r in Tikhonov methods some
nonlinear equation CZME(T) = § has to be solved. The function dap appears to be strictly
monotonically decreasing and strictly convex. These properties guarantee global and
monotone convergence for Newton’s iteration. In the final section numerical examples are
provided which verify some of the theoretical results.
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2. CONTINUOUS REGULARIZATION METHODS

2.1. Continuous regularization methods and the ME rule

In continuous regularization methods which include the method of ordinary Tikhonov
regularization 0 = (A*A + r~'1)7'A*y® we use in this section for the regularization
parameter the traditional notation o = 1/r instead of ». We consider continuous regular-

ization methods of the general form
2d = g, (ATA) A" (2.1)

Here ¢,(A) : [0,a] — IR with « = ||A||* is a family of piecewise continuous functions
depending on a positive regularization parameter a > 0 and the operator function g, is
defined according to

9. (A"A) = [ a.(0) dEs

where A*A = [ AdFE), is the spectral decomposition of the operator A*A. For the func-
tions g,(A) we assume as in [4, 26, 38, 39] that there exist constants +, 4, and py such
that for o > 0

sup [ga(A)] < ya™ (2.2)
0<A<a
and
sup AP|1 = Aga (M) < vpaf for 0 <p<pyg. (2.3)

0<A<a

The largest constant py in assumption (2.3) is called qualification of the regularization
method (2.1) (see [39]). Three well known a posteriorirules for choosing the regularization
parameter « in continuous regularization methods (2.1) are:

L. Morozov’s discrepancy principle [4, 27, 38, 39]. In this principle (D principle) the
parameter o« = ap is chosen as the solution of the equation

dp(e) = |ly° — Az’|| = C§ with O >1.

2. Rule of Raus [30]. In this rule, which we call R rule, the regularization parameter
o = ap is chosen as the solution of the equation

dp(a) := H(I g (AANAAN (AL — 0§ with O > 1.

Here pg is the (largest) constant from assumption (2.3).

3. Rule of Engl and Gfrerer [3]. In this rule, which we call EG rule, the regularization
parameter o = apg is chosen as the solution of the equation

d
dga(a) = ’y_l/QOz(A:Jci — aga(AA*)yé) Y Cé with C>1.

Here v is the (smallest) constant from assumption (2.2).

For ordinary and iterated Tikhonov methods the R— and EG rules coincide. The
resulting rule was also proposed in [8] and we call this rule Raus-Gfrerer rule (RG rule).
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Now let us turn over to the ME rule. The general idea of this rule (see Chapter 1)
consists in searching for a largest computable r = rj;p for which we can guarantee that
the error ||z° — xf|| is monotonically decreasing for r € (0,735]. The reformulation of
this idea in terms of o = 1/r means: Search for the smallest computable regularization
parameter o = apyg for which we can guarantee that

— |22 = 2T|* >0 forall o€ [ayg,o0).

do

In order to guarantee this property we use the identity g,(A*A)A* = A*g,(AA*) and
estimate the derivative of the squared error ||#° — z||? with respect to a as follows:

el = (et A g (447))
= (Al =y + (" ), diga(AA*)y‘g)
H i > H

This estimate leads us to following ME rule for continuous regularization method (2.1):

A:L'5
x|

AV

d
|29 =9

ME rule. For regularization methods with monotonically increasing functions dysg( o)
n (2.4), choose a = apg as the solution of the equation

darp(a) = (Ars v fgon(Anhy) (2.4)
FrACENY

2.2. The ME rule for ordinary and iterated Tikhonov regularization

In these methods we start with :1;270 = 0 and compute the regularized solution x° := x°

recursively by solving the m operator equations 7

(A"A+ oz[):z;ik = Ay + oz:z;ik_l ., k=1,2,...,m. (2.5)
For m = 1 this method is the method of ordinary Tikhonov regularization. In these
methods we have g,(A) = [1 — (1 + A/a)™™]/A with some fixed positive integer m > 1.
Let 7., denote the discrepancy of the regularized solution 2% = xim, ie.

§ §
Tam =Y — Azj, -

Using the identities

a \™ d m a Mt
L= Aga(A) = ( ) and @ga()\):_ﬁ (A—I—oz)

we obtain

= [I = AA g (AA")]y = [a(AA" + o))"y’

and 4
o m
—dmga(AA )y’ = — 3 Tamtl -
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From these representations we conclude that the functions drg(o) and dyg(a) for the
RG- and ME rules have the form

L my roz,m
dra(a) = (PamsTame1)?  and  dygla) = W (2.6)
a,m+1

The function dag(e) given in (2.6) possesses following properties, see [34] for m =1 and
[14, 35] for m > 1:

Theorem 2.1. Let P denote the orthoprojection of Y onto N(A*) = R(A)* and let
A*y® # 0. Then:

(i) dyge(a) is strictly monotonically increasing and obeys
dvp(0) = [|[Py°| and  lim dyg(a) = [y’
The equation dyr(a) = & has a unique solution oy provided || Py®|| < & < ||y°].
(ii) For all o« € (app, 00) there holds %Hx‘;m — 2t > 0.
(iii) There holds

ng(Oé) < dME(Oé) < dD(Oé) .

If C =1 in the D principle and in the RG rule, then ap < ayp < agrg.

From parts (ii) and (iii) of the theorem there follows

oy = 2l <l — 271l (2.7)

OYME ORG

Hence, the ME rule provides always a smaller error than the RG rule. Exploiting the
monotonicity property (ii) we obtain for the parameter choice o = app order optimal
error bounds (see [35]):

Theorem 2.2. Assume ' = (A*A)?/?w with ||w|| < E. Then for p € (0,2m)]

128, — 2t < {277 + 27Ty (y0)7 } BT 57T (2.8)

OYME

with 7. = \/m and .75 = [p/(2m)P/2[1 — p/(2m)]" 7/ < 1.

2.3. The ME rule for asymptotical regularization

In this regularization method the regularized solution is given by 2 = x°(r) where 2°(r)
is the solution of the initial value problem

d
axé(t) + A" A2 (1) = A"y for 0<t<r, 2°(0)=0
with » = 1/a. In this method we have g,(\) = (1 — e™)/\. Using the identities

d 1. 1
@ga()\) = ——e M= —(1 = Aga(N))

« «

we obtain that for the method of asymptotical regularization there holds

dR(Oé) = dEg(Oé) = dME(Oé) = dD(Oé) .
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From the identity dp(«) = dyp(e) and the monotonicity property of our ME rule we
conclude that for the method of asymptotical regularization the best constant (' in the
D principle is ' = 1:

Theorem 2.3. Let A*y® #£ 0, let 2’ the regularized solution obtained by the method
of asymptotical regularization and let ap the regularization parameter of the D principle

with C' = 1. Then
§

— J}TH < Hl‘i — J}TH for all o > ap.

I&

From the identity dr(o) = dga(a) = dyg(a) = dp(a) we conclude that all results
known for the D principle (see, e.g., [4, 38, 39]) are also true for the R rule, the EG
rule and the ME rule, respectively. Exploiting the monotonicity property of our ME rule
we obtain order optimal error bounds for ||2% — zf|| with o chosen by the ME rule, or
equivalently, the R rule, the EG rule or the D principle, respectively.

Theorem 2.4. Assume z! = (A*A)/%w with ||w| < E. Let 2} the regularized
solution obtained by the method of asymptotical regularization and let o be chosen by
the ME rule. Then for all p € (0,00) the order optimal error estimate (2.8) holds true
with v, /& 0.6382 and v,/ = (p/(2¢))".

Proof. Let us introduce the two operators

K,=1—A"Ag,(A"A), K,=1— AA*g,(AAY).
Then we obtain from (2.1)
wd —alt = — Koo' 4 g (A" A)A*(y° — Az, (2.9)
Az’ — b = K Azt + K, (Azt — o). (2.10)

The method of asymptotical regularization is characterized by g,(A) = (1 —e™)/\. For
this function there holds for arbitrary « > 0 the estimate

sup VAl (V)] <9/ Va (2.11)

with 7. &~ 0.6382 (see [38, 39]). From (2.9) and (2.11) we obtain
5, — ¥ < [[Kaa]] + 7.8/ Var. (2.12)

Now we exploit the assumption 2t = (A*A)?/%w with ||w|| < E and obtain from (2.3),
which holds with py = oo and v, = (p/e)*”, the estimate

H[&”a:pTH < ’yp/zozp/zE. (2.13)
For arbitrary D = D* > 0 and 0 < s <t there holds the moment inequality
[D*ol| < |D" |/ |o]=*" (2.14)

(see, e.g., [22]). We apply this inequality with D = (A2 o= Kyw, s =p,t=p+1
and obtain due to the relations DP*' K w = K,Az" and ||K,|| < 1 that

[Koalll = [ID" Kol
<Dl OV o]0

< ||, At ||p/ D) g1/ (L) (2.15)
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For @ = apg = ap we obtain due to the relations HA:L";ME — || = 4, ||AxT — 40| <6,
| K] <1 and (2.10) that

| Kap At < A2, = 50l 4 [ Koy (At — )] < 26

OYME

Consequently, (2.15) attains for o = app the form
| Koy zt| < (26)P/PHD /D) (2.16)

Let o = a, be chosen such that the right hand sides of the estimates (2.13) and (2.16)
coincide, i.e., let a, = (’yp/z)_z/pE_z/(p"'l)(25)2/(p+1). If ayr < a,, then the desired
estimate (2.8) follows from the monotonicity property ||za,,, — 21| < [|2a, — 21| (see
Theorem 2.3) and from the estimates (2.12), (2.13) with o = au. If oy > au, then the
desired estimate (2.8) follows from (2.12) with o = ajg and from the estimates (2.16)

and 7.0 /\/anE < 7.0/+\/a.. Hence, the proof is complete. O

2.4. Newton’s iteration for the ME rule in Tikhonov methods

Let us consider the methods of ordinary and iterated Tikhonov regularization (2.5). For
choosing the regularization parameter a according to the D principle, the RG rule and
the ME rule, respectively, the following nonlinear equations

dD(Oé) == C(S, ng(Oé) == C(S and dME(Oé) == (S

have to be solved numerically. For the iterative solution of these nonlinear equations the
change of the variable o by r = 1/« is reasonable since the functions

CZD(T) = dD(l/T), CZRg(T) = ng(l/T), CZME(T) = dME(l/T)

are monotonically decreasing and convex for all r > 0. These two properties guarantee
global monotone convergence, e.g., for Newton’s iteration. For the function CZME(T) we
prove the properties of monotonicity and convexity in Theorem 2.5. In order to prove
these properties for the functions CZD(T) and CZRg(T) we use the representations

dp(r) = RSl dra(r) =[R2

with R, = (I + rAA*)~!, exploit the two identities

d
| RE | = 2k AR (2.17)

d
LB =~k 1A B 219
that hold true for arbitrary r > 0 and k > 0 (compare [35]) and obtain
dyy(r) <0, dpa(r) <0, dh(r)>0 and dhe(r)>0. (2.19)
For the proof of (2.19) see also [12] and [4]. In our next theorem we prove that the function

' | R+
Das(r) = e g
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has analogous properties.

Theorem 2.5. The function CZME(T) is analytic, strictly monotonically decreasing
and strictly convex. For all r > 0 there hold the estimates

; AR
N

(2.20)

m(m + D[Ry |2 AA R 20|
R +ye|°

Proof. From [35] we have that (2.20) holds true and that d,, is given by

dyp(r) > (2.21)

PPN GOVl i
el = [y

_@m o DRI AR -
| By | |

In order to prove (2.21) we differentiate (2.22) as follows. We use (2.17), (2.18) with
k=m+1/2 and k = m + 1, respectively, apply the identity

GBI = SRR = SR (-2m = 2| ARy,

use the notations
o= R AR
ty = HA*R;n+1y5"2"A*R;n+3/2y5"2"3;n+1y5"2
t3 . HRT-HySHAIHAA*R:,H-I—S/zySHQ
L= R R P AA B
and obtain
j | Ry |°
dyp(r)——""— = 3(m+ 1)ty — 2(2m + 1)ty + 2(2m + 1)ts — (2m + 3)t,4

m + 1

We use the abbreviation D := (AA*)'/2 apply the identity
21 = 1R + | DRV (2.24)
with z = R™1y® and 2 = DR™y°, respectively, and obtain
ty =ty = [|RIT P (| B2 P AA R P — | ATREF2) 1) 2 0. (2.25)
Repeated use of (2.24) yields

k
HUE“*WfW=§:@>”w¢ with a; = DRIV

=0
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We apply this formula for £ =1,2,3 and ¢+ =0, ...,3 — k£ and obtain

ty—ty+t3—ty = (ao+3ray +3riay +r’az)(a; + ray)?
—(ao + 2ra; + rzag)(al + 2ray + rzag)(al + ras)
+(ag + 2ra; +r’ag)*(ay + ras)
—ay(ag + 2ray + r?as)(ap + 3ra; + 3rfag + r’as)
= (rtay +3r’a; + 3r*ao)(aza, — a3)
tr(ad? — a2 ?ag)? + 2raga[(asar)? — ay) . (2.26)
From the Cauchy-Schwarz inequality we have
azay — a3 = | DRI DRI |? — (D*RI %, DRI %) > 0,

and due to (2.26) we obtain #; —ty 4¢3 — t4 > 0. From this inequality, (2.25) and (2.23)
we conclude that d,z(r)||R™+y°||° > m(m + 1)t4 which is equivalent to (2.21). O

Let us rewrite the derivative (2.22) into some equivalent form which is suitable for
numerical computations. We apply the identity 74, = y° — A:Jcik = K"y% = R*y® with
K, = a(AA* + al)™" and obtain from (2.22)

(m ‘I’ 1)(ra,m7 roz,m—l—l)(A*roz,m—I—la A*ra,m—I—Q) - (2m —I' 1)HA*roz,m—|—1HzHra,m—I—le

7=
w(r) T

with a = 1/r. This representation shows that the evaluation of the derivative dy,(r)
requires the computation of r, ., 7o,m+1 and r, ,42. Note that an efficient evaluation of
the derivatives cZ’D(r) and CZ%G(T) requires only the computation of r,, and rq 11 (see
[4]). As an alternative to Newton’s method applied to the equation CZME(T) — 6 =20 one
could use the secant method in which the expensive evaluation of CZME(T) is not necessary.

3. ITERATIVE REGULARIZATION METHODS

3.1. Iteration methods and the ME rule
For approximately solving linear ill-posed problems (1.1) with noisy data y° € Y we
consider iteration methods of the general form

=2t Az, n=1,2,.. (3.1)

n

with z, € X and initial guess :1;8 = 0. The elements z, characterize the special iteration
method. For example, z, = B(y° — AxS) with 8 € (0,2/]|A||?] leads to the well-known
Landweber iteration.

[teration methods for approximately solving ill-posed problems are especially attrac-
tive for large scale problems (cf. [19]). Such problems arise e.g. in the field of parameter
identification in differential equations. Exploiting ideas from control theory, in such iden-
tification problems the elements A*z, can effectively be computed by solving one direct
problem and one associated adjoint problem.
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The iterates x° of the iteration process (3.1) generally diverge. Nevertheless these
iterates allow a stable approximation of z' provided the iteration is stopped after an
appropriate number of iteration steps. Two well-known a posteriori rules of choosing the
stopping index n = n(4) are:

L. Morozov’s discrepancy principle [27, 38, 39]. By this principle (D principle) the
stopping index in (3.1) is chosen as the first index n = np satisfying

dp(n) :=||r,]| < C§ with r, = yd — A:ch1 and C >1. (3.2)

2. Rule of Engl and Gfrerer [3]. This rule may be applied to iteration methods (3.1)
where z, has the special form z, = h,(8,, AA*)r, with r, = y® — Al‘i. Here h,, is
some operator function which depends on 3, € IR and (3, is allowed to depend on
the noisy data y°. In this rule (which we call EG rule) the stopping index in (3.1)
is chosen as the first index n = ngg satisfying

da(n) = (ra £ “’(2 (fl/’z ') o5 with 0> 1. (3.3)
Kn

Here k,, is a constant with

= sup{ha (B N [0 < X < AP}, (3.4)

In the monotone error rule (ME rule) for choosing the stopping index we focus our at-
tention on the monotonicity property (1.3). Our aim consists in searching for a largest
computable iteration number nyrg for which (1.3) can be guaranteed. Exploiting (3.1) and
using the notation r, = y®* — Az’ we obtain

ey, = 2T|? = flonoy = 2P = oy + Azmy = 2P = oy = 2T

= 2(a® , —at Az ) 4 | Az |
= (xi—l + l’i - QxTv A*Zn—l)
= 2¥° —y) = (raz1 +70), Zu1)

o[z | {5_ (ra-1 + r”’zn—l)} . (3.5)

2|zl

IA

This estimate leads us to the following ME rule for iteration methods (3.1):

ME rule. Choose ny;p as the first index n satisfying

(rn —I'rn—l—lazn) S 5
2|z

By this a posteriori choice of the stopping index in iteration methods (3.1) the mono-
tonicity property (1.3) can be guaranteed:

Proposition 3.1. Let ||z,]| # 0 forn =0,1,2,... and let nyrp be chosen by the ME
rule (3.6). Then the monotonicity property (1.3) holds true.
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Proof. From the ME rule for iteration methods we have that dyg(n — 1) > ¢ for
n=1,2,...,nyp. Consequently, from (3.5) there follows for all n = 1,2,... nyg that

Jah, = o < oy = @+ 2zana {8 = duasln = D} < by =afP (37)
which completes the proof. O

3.2. The ME rule in gradient type methods

Let us consider gradient type methods of the form (3.1) with z, = #,r, where r,, =
y? — AxS is the discrepancy and 3, > 0 is some properly chosen stepsize. For such
methods the iteration (3.1) attains the form

=2 B ATy — A ), n=1,2, ... (3.8)

Since in the EG rule h,(8,,A) = B,, for the constant x, of (3.4) we have x, = (,.
Consequently, the functions dgg(n) and dyg(n) of the EG- and ME rules, respectively,
attain the form

(rn —I' Tn41, rn)
2] |||

(rn —I' Tnt1, rn)l/z

V2

For gradient type methods (3.8) following properties are valid:

dEg(n) =

and  dyg(n) = (3.9)

Theorem 3.2. Let P denote the orthoprojection of Y onto N(A*) = R(A)*, let
A*y® £ 0 and let 3, be chosen such that

[

0 L, <
<O S A P

(3.10)

Then for the iterates of (3.8) following properties are valid:
(i) The function dp(n) = ||r,|| is strictly monotonically decreasing and obeys

ol < (1o rasa) < lrall®
(ii) The functions dyg(n) and dge(n) are strictly monotonically decreasing and obey
dp(n+1) < dugr(n) < dgg(n) < dp(n).
(iii) Let 3, > ¢ > 0 with some positive constant ¢, then
lim dyp(n) = lim dgg(n) = lim dp(n) = [|Py°]. (3.11)
(iv) If || Py®|| < C§, then the stopping indices np and ngg are well defined. For C' =1
also nyp is well defined and there holds

np —1<nyrg <ngg <np.

(v) If | Az — || > 6, then
[
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Proof. From (3.8) we conclude that r,41 = ({ — 8,AA*)r,. Consequently,
(@) (ro,ragr) = lrall* = BollA™ral?
(B) Mlrasall® = llrall® = 28a | A™ral|* + BRI AA 7.

From (a), 3, > 0 and A*y® # 0 we obtain the right inequality of (i). Combining (a) and
(b) we have
o]l = (ras rugn) = Bull Aral | + BollAA 1.

From this equation and assumption (3.10) we obtain that the left inequality of (i) holds
true. In order to prove the left inequality of (ii) we use the inequality 2ab < a* + b* with
a # b and obtain with the help of the left inequality of (i) that

20l | < lrall® + lraeall® < lrall® + (s o)

which is equivalent to dp(n + 1) < dyg(n). The middle and right inequalities of (ii) are
equivalent to (r,,7,41) < ||r,.]|* and follow from part (i). For proving (3.11) we proceed
according to (3.5) and obtain for arbitrary w € X and arbitrary iteration methods (3.8)
with 3, > 0 that

=l = flafy = wl® = (25" = Aw) = (rat + 1), Bamarnms )
< 2illraci | {Ily’ = Awl| = dup(n - 1)} . (3.12)
For iteration methods (3.8) with stepsizes (3, satisfying (3.10) there holds
rall? = s l* = B 2AATAI* = Ball A4 12) > BuflA7ral .

Passing to the limit on both sides yields due to 3, > ¢ > 0 that lim,— ||[A*r,|| = 0.
From y® = Az® + r, and the Cauchy-Schwarz-inequality we have

rall? = | Aw — | = 2 (ra, Aw — Aa) — || Az} — Awl||* < 2| A7 |[le = w]|. (3.13)
Now we will use a contradicition argument and assume that lim,_., dp(n) > HPy‘gH.
Under this condition there exists some element w € X with the property that

T o)) > [l Aw = 5] (3.14)
From (3.14) and (i) we have ||r,|| > ||[Aw — y°|| for all n € IN. This property provides
together with (3.12) and (ii) that
5, = wll* = [lep_y = wll* < 2Ba-sllraca | {[lrall = dase(n — 1)} < 0.

Hence, ||22 — w|| is bounded by |[w|| for all n € IN. Passing to the limit on both sides
of (3.13) provides due to ||z} — w| < ||w]|| and lim, e [|A*7, ]| = 0 that lim, e ||| <
| Aw—1v°||. This contradicts (3.14) and shows that our assumption lim,, ., dp(n) > || Py°||
cannot hold true. Hence, due to (ii) we obtain (3.11). Assertion (iv) follows from (3.11),
the definition of the stopping rules and (ii). In order to prove (v) we use the first part of
(3.7), property (ii) as well as the assumption dp(n) > § and obtain

s, = "? = oy = 21 < 2lz0ma] {6 — dam(n — 1)}
< 2l[znal{d = dp(n)}
< 0,



On the ME rule for choosing the regularization parameter 13

which finishes the proof. O

Remark 3.1. The limit relation (3.11) can not only be guaranteed for strictly positive
stepsizes (3, > ¢ > 0, but also for stepsizes tending to zero not too fast and satisfying

1

0<8: <
| All?

n

and  lim g B; = 00
n—00 4 o
1=

For the proof of this result we use the identity r,41 = (I — 8, AA*)r, which gives

n

Pagr = ro(AAT)Y with r(A) = J[(1 = 8:A).

=0

Hence, for n — oo we have for all A € (0, || A]]?]

r(A)] =0 & InJ[1-=8A—= -0 & > Injl-p8N— —cc.
=0 =0
Using the estimate In |1 — ¢| < —¢ for € € [0,1] with £ = 3;A we obtain the result that
for 0 < 3; < 1/||Al]* there holds |r,(\)| — 0 provided Y-I_, 3; — oo. Finally we conclude
that from |r,(A)] — 0 for all A € (0, ||A||?] there follows lim, .. ||7a|| = [|Py°|| and the
proof is complete.

Remark 3.2. Part (v) of Theorem 3.2 shows that the iteration (3.8) should not be
stopped as long as || Az’ —y°|| > d holds. Let us modify the D principle as follows: Choose
n = np as the first index n satisfying

Az, —y°| < C§ with C >1.

Let ny and ny the stopping indices of this modified D principle with €' = C; and C' = C,,
respectively. If 1 < 7 < (Cy, then, since dp(«) is monotonically decreasing there follows
ni > ng, and due to part (v) of Theorem 3.2 we obtain Hxil — 27| < H:ch12 — 27||. Hence,
the best possible choice for the constant C' in this modified D principle is C' = 1.

Before we will study some special methods that fit into the framework of Theorem 3.2
let us derive some useful inequality that is helpful for checking condition (3.10).

Proposition 3.3. Let D € L(Y,Y), D = D* >0 and n > 0. Then for allv € Y
D™ ||| D]l < [[D™ ol[[lv]]. (3.15)

Proof. We apply the moment inequality (2.14), first with s = and ¢ = 5+ 1, second
with s =1 and t = + 1 and obtain the inequalities

1Dl < JID™ ol|FT 0|7 and | Dol < [|D™ o] o] 7

We multiply both inequalities and obtain (3.15). O

Now we are ready to study some special gradient type methods (3.8) that fit into the
framework of Theorem 3.2. In the methods M3 — M5 below we assume that y° is not an
eigenelement of the operator AA* since in the opposite case there follows r; = 0 and the
stepsizes (3,, n = 1,2, ... are not defined.
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METHOD M1: Landweber’s method with 3, = 3 € (0,1/||A||*]. This method may actu-
ally be applied with stepsizes 3, = 3 € (0,2/||A|]*), see [1, 4, 5, 13, 17, 23, 25, 28,
30, 38, 39]. However, due to the inequality |[AA™r,| < ||A||[|[A*r,| we realize that
condition (3.10) and hence the results of Theorem 3.2 hold true for 5 € (0,1/]|A]|?].

METHOD M2: Nonstationary Landweber’s method. This method is characterized by
(3.8) with variable 38, € [c,1/||A|]*] and ¢ > 0, see [32]. As in method M1 we
conclude that condition (3.10) and hence the results of Theorem 3.2 hold true for

B € [e, /][],

METHOD M3: Steepest descent method (see [1, 2, 7, 9, 10, 11, 16, 20, 22, 31, 32]). This
method is characterized by (3.8) with 3, = ||A*r,||*/||AA*r,||?. Since this stepsize
satisfies (3.10), the results of Theorem 3.2 hold true for this method.

METHOD M4: a-processes with stepsizes 3, = ||[D*+'r,|[2/||D**?r,||2, D = (AA*)'/?
and « > 0. These methods may actually be applied with o > —1, see [10, 16, 22,

31, 32]. However, assumption (3.10) holds true only for o« > 0. In order to check
(3.10) we apply inequality (3.15) with D = (AA*)'2 v = (AA*)Y?r, and n = «

and obtain the inequality || Dt tr,||||D?*r.|| < ||D**?r.||[|Dr,.|| which gives 3, <
[Drall /D). Since urthermore B, > [[D7ir /(I DIED=#1r, ) = 1/ A]2

we obtain ' 1A |

< B, < m

are =

— [[AA |2
and hence (3.10). Since the application of (3.15) requires n > 0 we realize that
Theorem 3.2 holds true for a-processes with o > 0.

(3.16)

METHOD M5: Method (3.8) with 8, = max{||D*"?r,||*/ (|| D||*|| Dt r.||?), 3} where
D = (AA9)Y2 3 € (0,1/||A]|?] and o > —1 (see [16, 32]). For this method there
holds

2 a+1 2
ﬁgﬂngmax{rwu | D } 1

D] Dt 1277 A2
From this estimate it follows as in method M1 that condition (3.10) and therefore
the results of Theorem 3.2 hold true.

Note that method M3 is a special case of a-processes with & = 0. In this method the
stepsize 3, minimizes the functional ¢(8,) := ||rus1]|* = ||(I — B, AA )T,

The results of Theorem 3.2 can be used to establish convergence- and convergence rate
results for the above discussed a posteriori stopping rules in iteration methods M1 — M5.

Theorem 3.4. Assume A*y® # 0 and |Py’|| < §. Let 2’ the regularized approxima-
tion obtained by one of the methods M1 — M5 and let np, npg and nyp the stopping
indices according to the discrepancy principle with C' > 1, the EG rule (3.3) with C' > 1
and the ME rule (3.6), respectively. Then for all n € {np,nymg,ngq} there holds:

(i) |23 —zt|| = 0 for § — 0.
(i) If 2t € R((A*A)P/?), then

2% — 2T = 06"+ forall p>0.



On the ME rule for choosing the regularization parameter 15

Proof. First, let us discuss the case C' > 1. In this case the proof for n = np is known
from the literature, see [38] for method M1, [31, 32] for methods M2-M5 and [9, 10] for
method M3. Let nyrg.c the stopping index of the ME rule (3.6) with § replaced by C'é.
From the validity of Theorem 3.4 for n = np and part (ii) of Theorem 3.2 we obtain that
assertions (i), (ii) are valid for ngg and nygc as well. Second, let us consider the case
C = 1. From the monotonicity of dyg(n) we obtain that nygc < nagi. Consequently,
due to Proposition 3.1 there follows
Hence, the assertions (i) and (ii) of the theorem are true for n = nyg 1. From this result

and part (iv) of Theorem 3.2 we conclude that assertions (i) and (ii) of the theorem are
also valid for n = np and n = nge. O

Some weaker results compared with the results of Theorems 3.2 and 3.4 can be proved
for method M4 with o € [—1,0). This class of methods contains for o = —1 the minimal
error method in which the stepsize 3, is given by 8, = ||r.|*/||A%r.||?, see [1, 2, 6, 9,
10, 11, 16, 22, 31, 32]. In the minimal error method the stepsize /3, minimizes the norm
|25, — A7'°|| provided A~'y® exists. For this method there holds (r,,7,41) = 0 which
shows that the left inequality of part (i) of Theorem 3.2 generally does not hold.

Theorem 3.5. Let A*y® # 0. Then in method M4 with o € [~1,0) following
properties are valid:

(i) For all n € IN there holds

%dm) < %%(n) < dup(n) < dpg(n) < dp(n).

=

(ii) Denote by nag ¢ the stopping index of the ME rule with 6 replaced by C'é. Then,
nyec is well defined for €' > 1. In addition, nggc = nge is well defined for
C > /2 and np,c = np is well defined for C' > 2. For arbitrary C' > 1 there holds

np2c < Npgyze < NMec < Npce < Npc- (3.17)

(iii) For n = npac, n = npq 50 and n = nype with C > 1 there holds

§

|22 — 2| =0 for §—0.

Proof. By elementary computations it can be shown that the first two inequalities of
assertion (i) are equivalent to (r,,r,4+1) > 0. This inequality, however, is equivalent to

I I*
S W T
[A=ra |2

and follows from (3.15) with n = o+ 1 and v = r,,. The final two inequalities of assertion
(i) are both equivalent to (r,,7,41) < ||7.]|*. This inequality, however, holds for arbitrary
stepsize 3, > 0 since due to rnyy = [[ — 8, AA*]r, and A*y® # 0 we have

(s agr) = Irall® = Ball Arall* < llral |-
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Now let us prove indirectly that for ' > 1 there exists a finite stopping index ny;g . For
this aim we assume that dyp(n) > C§ for all n € IN. Then, due to (3.5), ||z° — 21| <
|28, — 21|, and the limit lim, . ||2° — || exists. We summize the inequalities (3.5)
with z, = #,r, for all n > 1 and obtain due to l’g = 0 that

e = lim [l - 2f|* = 220@1 rull {dasie(n) — 6} .
Since the right hand side is finite there follows that nh_)rgo Bullra |l {dae(n) — 8} = 0. Due
to 3, > 1/||AlI% ||7all > dme(n) (compare (i)) and the assumption dyg(n) > C§ there

follows

[rall _ dup(n) €46
TA2 = [lAl Al
Consequently, lim,, o, {dyprp(n) — 6} = 0. This contradicts our assumption dyrg(n) > Cd
for all n € IN and proves that there has to exist some finite stopping index npyp ¢ for
C > 1. Hence, due to the first two inequalities of (i) there follows that ngq o is well
defined for C' > /2 and npc is well defined for C' > 2. Now the proof of (3.17) follows

from the definition of the corresponding stopping rules and (i). In order to prove (iii) we

Ballrall =

conclude from np ¢ < Npeic < NMMEC and Proposition 3.1 that

H nMEC_x H— H nEG\/_C_x H < Hl'nD2C—$ H

Since assertion (iii) holds true for np2c with C' > 1 (see [10]), we conclude that (iii) holds
also true for NEG /30 and nype with ¢ > 1. O

Remark 3.3. The estimate (3.5) which led us to the ME rule can also be exploited
for finding stepsizes 3, > 0 in iteration methods (3.8) which guarantee that z°,, is a
better approximation for ' than z’. Here the stepsize 3, may not only depend on y°,

but also on the noise level §. Exploiting (3.7), (3.6) and r,41 = ({ — 3,AA™)r, we obtain
for 5, >0

T 2 5§ 12 9 §— HA*TnH2 3.18

The right hand side of (3.18) is negative for ||r,|| > é and 0 < 3, < ”Ji;'ﬂ%ﬁg(]\rnﬂ —9)
which shows that for such stepsizes the element l’n_l_l is a better approximation for zf
than z’. Minimizing the right hand side of (3.18) with respect to 3, yields

il

Br= 5 pzlrall = 6).
[ A=rn|?

Substituting into (3.18) shows (see also [1], p. 69) that for this stepsize the improvement

of the squared error can be estimated by

I
=l = ol =P < = 6)°
n

Hxn—l—l

Some gradient type methods that do not fit into the class of methods (3.8) are conjugate
gradient methods. The conjugate gradient method for the normal equations A* Az = A*y°
(see [1,2,9, 10, 11]) is known as powerful method for the approximate solution of ill-posed
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problems. The advantage of this method over methods of type (3.8) consists in the fact
that the stopping index is generally much smaller. In the standard variant of this method
(see [1], p. 51) the regularized approximations x3 have the form

xi-l—l = l’i + ﬁnpn 5 Pn = A*Tn + Yn—1Pn—1 r, = y5 — Al‘i,

(A"70, pn) ot = HA*TNHZ
[Apall* [A=ro|l*
It can easily be realized that this method fits into the framework of methods (3.1). Hence,

the ME rule (3.6) for choosing an appropriate stopping index can be applied. In [1] it is
shown that for this method the ME function (3.6) has the form

ﬁn = Po = A'rg .

T
*o. |12
Il + 2 & 1A

dME(n) = 7 .
’ 3 Ilrall/1A=r)?

This representation for dyg(n) has been used in [1] to prove that the regularized approx-

iME converges to zf for § — 0. Unfortunately, we don’t know results concerning

convergence rates although such results are known for the D principle (see [4]).

imation z

3.3. The ME rule in implicit iteration methods

Let us consider implicit iteration methods of the form (3.1) with z, = h,(8,, AA")r, =
(Bnl + AA*)"1r, where 7, = y® — Az® is the discrepancy and 3, > 0 is some suitably
chosen real number. For such methods the iteration (3.1) attains the form

wi = wi—1 + AT(AA™ + ﬁn—l[)_l(y5 - Al’i—1)
= (AA+ B, D)7 (Bo2®_ + A, n=1,2,.... (3.19)

For methods (3.19) the constant «, in (3.4) is given by «,, = 3;'. From (3.19) we obtain
that r, = B,_1(AA* + B._11)"'r,_y. Consequently, the element z, = (8,1 + AA*)"'r,
has the form z, = 3 'r,1; and the functions dgg(n) and dygp(n) of the EG- and ME
rules of Subsection 3.1 attaln the form

(rn —I' rn—l—la rn—l—l)
2|7 |

(rn + Tnd1, rn+1)1/2
V2

respectively. For implicit iteration methods with arbitrary positive parameters 3, > 0
following properties are valid:

dEg(n) =

and  dyg(n) = ) (3.20)

Theorem 3.6. Let A*y° # 0 and (3, > 0 arbitrary. Then for the iterates of (3.19)
tollowing properties are valid:

(i) The function dp(n) = ||r,|| is strictly monotonically decreasing and obeys
[l < (ras Pagn) < [l
(ii) The functions dyg(n) and dge(n) are strictly monotonically decreasing and obey
(a
(b

) dD(n + 1) < dEg(n) < dME(n) < dD(n)
)

A due(n) = Jim dec(n) = lim do(n)
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(iii) Let lim,— o dp(n) < C6 and C > 1. Then the stopping indices np and nyg are
well defined. If C' =1, then also ny;g is well defined and there holds

np —1<ngg <nuyg <np.

(iv) If||Azd — y°|| > 6, then
)

n

s, = 2"l <l = <)

Proof. From (3.19) we conclude that r, = (8;'AA* + I)r,41. Consequently,
(@) (rnsrns1) = [[raga I 4+ B[ A 0 |7
(b) Mrall? = [lrasa I* + 287 A 0 |17 + B2 AA 0 |7

From (a), (b) and A*y® # 0 we obtain assertion (i). From (3.20), the Cauchy-Schwarz
inequality, the triangle inequality and inequality (i) we obtain

(rn —I' rn—l—la rn—l—l)
2|7 |

1
dip(n) = < S (lrall + liraeall) < llrall = dp(n).
Hence, the right inequality of (ii) holds true. The two other inequalities of (ii) are equiva-
lent to ||rn41]]* < (rn,7u11) and follow from part (i). Now part (b) of (ii) is a consequence
of part (a) of (ii) and assertion (iii) of the theorem is a consequence of assertion (ii). The
proof of (iv) can be done in analogy to the proof of part (iv) of Theorem 3.2. O

As in explicit iteration methods, property (iv) of the theorem shows that also in
implicit iteration methods (3.19) with arbitrary 3, > 0 the iteration should not be stopped
as long as ||Az® —y°|| > & holds. Here the same discussion as in Remark 3.2 can be made.
Further note that the limit lim, . dp(n) always exists since dp(n) is monotonically
decreasing and bounded by zero. However, under the additional condition

o= 1
nlggo Z 3 = o0, (3.21)
7=01J

which is necessary for convergence x, — z! for n — oo in the case of exact data, it can
be shown that lim, .. dp(n) = ||Py®|| where P denotes the orthoprojection of Y onto
N(A*) = R(A)* (cf., e.g., [18]). Condition (3.21) excludes that the parameter sequence
{B.} is growing faster than the sequence {n®} with o > 1.

Our next aim in this section is to establish convergence- and convergence rate results
for implicit iteration methods (3.19) provided the stopping index is chosen from the D
principle, the EG rule and the ME rule, respectively. For the D principle there is known
that the proof of convergence rates can be done under the additional assumption

n—1 1

1
— <c) 7 for some ¢ >0 (3.22)
=0 i

(see [18]). These results and the results of Theorem 3.6 allow the proof of convergence-
and convergence rate results for the EG- and ME rules.

Theorem 3.7. Assume A%y’ # 0, ||Py®|| < § and (3.21). Let 2’ the regularized
approximation obtained by (3.19) and let np, ngq and ny g the stopping indices according
to the discrepancy principle with C' > 1, the EG rule (3.3) with C > 1 and the ME rule
(3.6), respectively. Then for all n € {np,nyp,npc} there holds:
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(i) |22 —zt|| = 0 for § — 0.
(i) If 2t € R((A*A)*/?) and (3.22) hold, then

|28 — 2t = Oty for all p> 0.

Proof. The proof is along the lines of the proof of Theorem 3.4 and uses that for
C > 1 the results of the theorem for n = np are known from [18]. O

Now let us study some special implicit iteration methods (3.19) that fit into the frame-
work of Theorem 3.7.

METHOD MG6: Stationary implicit iteration method (see [13, 24, 28, 30, 38, 39]). This
method is characterized by (3.19) with fixed 3, := 8 > 0. Obviously, condition
(3.21) holds and condition (3.22) is satisfied with ¢ = 1. Hence the results of
Theorem 3.7 hold true for this method.

METHOD MT7: Nonstationary implicit iteration method with 3, = 8¢", 3 > 0 and ¢ €
(0,1). For this method condition (3.21) can easily be checked and condition (3.22)
holds true with ¢ = 1/¢ (see [18]). Hence, Theorem 3.7 applies for this method.

METHOD MS8: Nonstationary implicit iteration method with 3, € [¢1,¢], 0 < ¢1 < ¢s.
For this method (see [32]) property (3.21) is valid due to 3, < ¢;. From

we obtain (3.22) with ¢ = ¢3/¢;. Consequently, Theorem 3.7 applies for this method.
METHOD M9: Nonstationary implicit iteration method with

D,
(D

ﬁnzmax{ } >0, a>-1

and D = (AA*)I/Q. A modification of this method with &« = —1 and without lower
bound (3 has been studied in [29, 33, 37]. Method M9 (see [16, 32, 37]) is a special
case of method M8 with

B < B, < max{||D|*, 8} . (3.23)

The inequalities (3.23) follow from the definition of 3,. Hence, the results of Theo-
rem 3.7 hold true for this method.

4. NUMERICAL EXPERIMENTS

In this section we summarize some of our numerical results for integral equations of the

first kind .
(Az)(s) = / K(s,)e(t)dt = y(s), 0<s<1 (4.1)

0
in a L%space setting with X = Y = L*0,1). We discretized problem (4.1) by the
collocation method with 100 piecewise constant spline basis functions on a uniform mesh.
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Table 1: Errors in the method of ordinary Tikhonov regularization

§ ep €RG eme | ep/8Y? era/8*®  enp /83
1071 .0H878 .05982 .05355 1859 2381 2132
1072 .02332 .01905 01710 2332 3019 2710
1073 .00896 .00589 00527 2833 3716 3325
10~* .00338 .00183 .00163 .3380 4597 4094
10~° .00119 .00055 .00049 .3763 5500 4900

Instead of y randomly perturbed data y® with ||y — y°|| < § have been used. Our test
problem is taken from [26] and corresponds to equation (4.1) with

0 for ¢ <s B 1 — COS(’]‘[‘S)

K(s,t) = { y(s) = ————"2 (1) = sin(nt).

1 for s<t, T

For this test problem we have xt € R((A*A)?/?) for all p € (0,3/2).

In a first experiment the discretized problem was regularized by the method of ordinary
Tikhonov regularization (2.5) with m = 1. The regularization parameter « has been
chosen according to the M E rule, the RG rule and the D principle, respectively. For C
we have used the constant ' = 1. In Table 1 the errors

ep = v}, —'ll, erg =), — 2"l and emp =2y, — T
are given. The results in Table 1 verify the theoretical results of the estimate (2.8) of
Theorem 2.2 which tells us that for = € R((A*A)p/z) with p < 2 there holds ey =
O(5p/(p+1)). Table 1 also illustrates the well known results that for 1 < p <2 there holds
erRG = O(5p/(p+1)) and ep = 0(51/2). In addition we observed that always eyp < era
holds true.

In a second experiment we solved the discretized problem by one explicit and one
implicit iteration method, namely by Landweber’s method with 3 = 1/||A||* and by the
stationary implicit iteration method with 3 = 1. Both iterations were stopped with index
n. + 10, where n, is the first n with Hl’i_l_l —2f|| > ||#¢ — 2t||. In all experiments the final
inequality appeared to be true for all n =n, 4+ 1,...,n, 4+ 10. In Table 2 comparisons of
the indices ny;p, n. and the corresponding errors

emp = [[2ny, — 'l and e, =|lza, — 27|

are given. Note that in these and in all other numerical experiments we observed that
nye < n. and nyg = np or nyp = np — 1, which is in agreement with part (iv) of
Theorem 3.2 and part (iii) of Theorem 3.6. We made some further experiments in which
instead of random perturbations some special perturbed data y® have been used. In these
experiments we observed essentially smaller quotients (n.—nag)/n. compared with those
which follow from Table 2. For some further numerical experiments for comparing the
ME rule with the RG rule and the D principle in the method of ordinary Tikhonov
regularization see [14, 16, 21, 35].
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Table 2: Indices nprp, n. and errors ey, ¢, in iteration methods

Landweber’s method Implicit iteration method

0 | nmE N eME € nME T eME €

107t | 15 16 0630 .0621 32 41 1131 .1060
1072 | 38 67 0453 .0400 103 166 0406  .0356
107 | 160 332 .0137  .0111 495 750 0097 .0087
107* | 947 1545 .0033  .0030 | 2422 3741  .0031  .0029
1075 | 4794 8643  .0009  .0008 | 12951 19667 .0008  .0008
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