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Abstract. We consider ill-posed problems Au = f with minimum-norm solution
ul. We suppose that instead of f noisy data fs are available with ||f — f5]| < &
and that A € L(H,F) is a linear bounded operator between Hilbert spaces H
and F with non-closed range R(A). Regularized solutions u, are obtained by a
general regularization scheme which includes Tikhonov regularization u, = (A*A+
r~1I)=LA* f5, iterative regularization and others. We discuss a new a posterior
rule for choosing the regularization parameter r = r(d) which we call monotone
error rule (M E rule). In this rule we choose r = ryp as the largest r-value for
which we are able to prove that the error ||u, — u'|| is monotonically decreasing for
r € [0, ryg]. Our rule leads to order optimal error bounds. Numerical results are
given.

1. Introduction

In this paper we consider linear ill-posed problems
Au=f 1)

where A € L(H, F) is a bounded operator with non-closed range R(A) and
H, I are infinite dimensional real Hilbert spaces with inner products (-, -)
and norms || - ||. We are interested in the minimum-norm solution u' of
problem (1) and assume that instead of exact data f there are given noisy
data fs € F with ||f — f5]| < ¢ and known noise level 4.

lll-posed problems (1) arise in a wide variety of problems in applied
sciences. For their stable numerical solution regularization methods are nec-
essary, see [2, 5, 10]. A large class of regularization methods has the form

u = g (ATA)A™ f5 . (2)
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Here ¢,(A) : [0,a] — R with a = ||[A*A]| is a family of piecewise continuous
functions depending on a positive regularization parameter r > 0, and the
operator function g, is defined according to g,(A*A) = [ g,(\) dE\ where
A*A = [ AdE) is the spectral decomposition of A*A. For the function g,
which characterizes the special regularization method we suppose:

Assumption (A1l). There exist positive constants 7., v, and po such that
the function g,(A) : (0,a] — R with ||A*A|| < a satisfies the estimates

(1) sup VA lg, ()] < 77,

0<A<a

(ii) sup A |1 = Ag,.(A)| <7,r P forall pe(0,po,
0<A<a

(iii) I1—Agr, (M) <1 =Agry(A)] for 0<A<a and 0<ry<ry.

The (maximal) number pg in Assumption (A1) is called qualification [10]
of the regularization method (2).

One of the main problems in applying regularization methods is the
proper choice of the regularization parameter r = r(§). Due to (ii) and
(iii), in the case of ewact data we have monotone convergence ||u, — uf|| — 0
for r — oo. In the case of noisy data the monotone decrease of the error
||, — ul|| can only be guaranteed for small r. Typically ||u, — uf|| diverges
for r — oo. Therefore a rule for the proper choice of r is necessary. In this
paper we study a new rule in which r = rpyg(8) is chosen as the largest
r-value for which we are able to prove (under the assumption || f — fs]| < 6)
that the error ||u, — uf|| is monotonically decreasing for r € [0, rasg]. We call
this rule the monotone error rule (M FE rule).

2. Continuous Regularization Methods

2.1. THE ME RULE

Three well known a posteriori rules for choosing the regularization parameter
r in continuous regularization methods (2) are:

(i) Morozov’s discrepancy principle [2, 10]. In this principle (D principle)
the parameter r = rp is chosen as the solution of the equation

dp(r) :=||fs — Au,||=Cé with C>1.

(i) Rule of Raus [7]. In this rule, which we call R rule, the regularization
parameter r = rg is chosen as the solution of the equation

dre(r) = H(I — g (AA)AANY ) (f5 — Au,)| =C8  with C > 1.
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Here py is the (largest) constant from Assumption (A1), (ii).

(iii) Rule of Engl and Gfrerer [1]. In this rule, which we call EG rule, r = rgg
is chosen as the solution of the equation

- d 3 1/2 ]
dpa(r) =7 1/2(.1% — Au,, Jgr(AA )fg) =C§ with C>1.

Here v is the (smallest) constant with sup |g,.(A)| < r.
0<A<a

For ordinary and iterated Tikhonov methods the R— and FG rules coin-
cide. We call the resulting rule Raus-Gfrerer rule (RG rule).
In our M FE rule the aim consists in searching for the largest regularization

parameter r = rjp for which we can guarantee that Cfl—rHu,, —uf||? < 0forall
r € (0,rpg]. From (2) and the identity g,.(A*A)A* = A*g,.(AA*) we obtain

(s = 1) = (fs — Aur), g, (AA%) fs
dr
(fs = Aur, $hg (A4 f5) }
|drarannyss| )

This estimate leads us to following a posteriori rule of choosing the regular-

IA

[ {s-

ization parameter in continuous regularization methods (2):

ME rule. For regularization methods with monotonically decreasing func-
tions darg(r), choose r = rpsp as the solution of the equation

(fs = Aup, fhgo (447 £5)

=9J.
[gro- (45

dyg(r) =

2.2. ORDINARY AND ITERATED TIKHONOV REGULARIZATION

In these methods we start with u, o = 0 and compute the regularized solution
Uy 1= Uq,, Tecursively by solving the m operator equations

(A"A4+al)ugpy=A"fs+ougp—1, k=1,2,...m (3)

where r = 1/a. For m = 1 this method is the method of ordinary Tikhonov
regularization. In these methods we have g.(A) = [1 — (1 4 rA)~™]/A with
some fixed positive integer m > 1. Assumption (A1) is satisfied with pg = m,
Yo = (p/m)P(L —p/m)" 7P < 1,7, =1/2for m =1 and v, = /m for m > 2.
The functions for the RG— and M F rules have the form

Tams Ma,m
dRG(a) = (roz,my ra,m+1)1/2 and dME(OC) = @

17 mt1
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with 7o, = f5 — AUa,m. The function dy g possesses following properties
(see Tautenhahn [8] for m = 1 and the papers [4, 9] for m > 1):

Theorem 1 Let P denote the orthoprojection of F onto N(A*) = R(A)+
and let A* fs # 0. Then:

(i) dvEe(w) is strictly monotonically increasing and obeys dyg(0) = || P fs]|
and lim,_yeo dyp(a) = || f5||. The equation dyrp(a) = 6 has a unique
solution ayrg provided ||Pfs|| < 6 < || fs]]-

(ii) For all o € (aprp, 00) there holds %Hua,m - UTHZ > 0.

(iii) There holds dpg(a) < dye(a) < dp(a). If C =1 in the D principle
and in the RG rule, then ap < ayp < ara.

From (ii) and (iii) there follows
HUOZME o UTH < HUOZRG B UTH : (4)

Hence, the M F rule provides always a smaller error than the RG rule. Ex-
ploiting the monotonicity property (ii) we obtain for the parameter choice
a = apg order optimal error bounds [9]:

Theorem 2 Assume ul = (A*A)?/%v with ||v|| < E. Then

T _pP_ =1 1 1 p
|tonp — '] < §27F0 + 2630y, (v, 0) P o EPHT 6741 for p € (0,2m].

2.3. ASYMPTOTICAL REGULARIZATION

In this regularization method the regularized solution is given by u, = u(r)
where u(r) is the solution of the initial value problem

w(t)+ A" Au(t) = A" fs for 0<t<r, u(0)=0.

This method has the form (2) with ¢.(A\) = (1 — e™"*)/\ and Assumption
(A1) is satisfied with v, = (p/e)?, po = 0o and v« = 0.6382. For this method
there holds dr(r) = dpg(r) = dyp(r) = dp(r). Consequently, all the results
known for the D principle [10, 2] are also true for the R rule, F'G rule and
M FE rule, respectively. Exploiting the monotonicity property of our M F rule
we obtain that Theorem 2 is valid for the range p € (0,00) and that in the
D principle the best constant for C'is C' = 1:

Theorem 3 Let A* fs # 0 and let rp the regularization parameter of the D
principle with C' = 1. Then ||u,, — u'|| < |[u, — uf|| for all r < rp.
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3. Iterative Regularization Methods
3.1. THE ME RULE

Iterative methods for approximately solving ill-posed problems are especially

attractive for large-scale problems (cf., e.g., Hanke et al.[5]). Such problems

arise e.g. in the field of parameter identification in differential equations.
We consider iterative methods of the general form

Uy, = Up—1 + g(ATA)A™[f5s — Aun—1], n=1,2,..,r, u=0 (5
with continuous functions ¢ : [0,a] — R for which we assume that
0<g(A)<2/Xx for 0<A<a. (6)

Note that (5) has the form (2) with ¢,(A) = [1 — (1 — Ag(A))"]/A. Two
well-known a posteriori rules of choosing r = r(§) are:
(i) Morozov’s discrepancy pinciple [2, 10]. In this principle (D principle)

the iteration number r = rp is chosen as the first index n satisfying

dp(n):=|r,|| < Cé with r,=fs—Au, and C>1.

(i) Rule of Engl and Gfrerer [1]. In this rule, which we call EG rule, the
iteration number r = rgq is chosen as the first index n satisfying

(rn + 41, g(AA*)rn)l/z

(2r)12 <C§ with C>1.

dpa(n) ==

Here x is a constant with Kk = sup{g(A) |0 < A < a}.

In our M F rule we search for the largest iteration number r = rsg for which
we can guarantee that

Ntn — ul|| < Jtp_y —ul|] forall n=1,2, . ryg. (7)

We use (5) as well as the relations r,, = [ -AA*g(AA*)]r,_1 and g(A*A)A* =
A*g(AA*) with r, = f5s — Au,, and obtain

=t P = ey =t 2 = (20f5 = ) = (aet + 1), 9(AA) 0 )

(ro_1+ f‘mg(AA*)f‘n—l)}
2|lg(AA™) 1|

< 2llg(Anyril {5 - )
This estimate leads us to the following a posteriori rule of choosing the
iteration number r = rprp in method (5), which we call monotone error
rule:
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ME rule. Choose r = ryp as the first index n satisfying

(T‘n + 7‘n+17!](AA*)7‘n)
d = < 4.
mE() MgAyr =

Note that due to (8) the property (7) is satisfied. Some further general
properties of this rule are studied in the paper of Hamarik [3].

3.2. LANDWEBER’S METHOD

This method is characterized by (5) with g(A) = g and 3 € (0,2/a). For this
method Assumption (A1) holds with v, = [p/(B€)]?, po = o0 and 7. = /7.
The FG— and M FE rules are characterized by

(rn + Tn41, rn)
2[|rn|]

T+ Tnt1, Ty 1/2
dpc(n) = ( J% ) and dyg(n) =

From the identity r,41 = [I — g(AA*)AA*]r,, we obtain in case A*fs £ 0
that
rnstll? < (Foyrng1) < ||rnll? forall n>0 (9)

holds true for arbitrary iteration methods (5) that fulfill (6). Consequently,
dp(n+1) <dygr(n) < dgpg(n) < dp(n) foral n>0. (10)

From (10) and the fact that dp(n) is strictly monotonically decreasing with
lim,, oo dp(n) = || P fs|| we conclude:

Theorem 4 Let A* fs £ 0. Then:

(i) The functions dprg(n) and dpc(n) are strictly monotonically decreasing
and obey lim,,_, . dyrg(n) = lim, o dpg(n) = ||Pfs]|.

(ii) Let ||Pfs]| < C6, then the regularization parameters rp, ryp and rgg
are well defined and in case C' =1 we have rp — 1 < ryp <rpg <rp.

From Theorem 4 and property (7) we obtain that the iteration should
not be stopped as long as ||Au,4+1 — f5|| > d holds:

Theorem 5 Let A* fs # 0. If ||Awyrr—f5|| > 8, then ||u,—ul|| < ||w,—1—uf||.

3.3. IMPLICIT ITERATION SCHEME

This method is characterized by (5) with g(A) = (A + p)~! and p > 0.
Assumption (Al) holds with v, = (p/p)?, po = oo and v, = 0.6382/,/p.
Since g(AA*)r, = p~lr,4q, for the EG- and M E rules we obtain

(rn + Tt rn-l—l)l/z

dEG(n) = \/5 and dME(n) = (rn + Tnt1; rn+1) .

2||rppal
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Exploiting (9) we find
dp(n+1) <dgg(n) < dyp(n) <dp(n) forall n>0. (11)

From (11) and the fact that dp(n) is strictly monotonically decreasing we
conclude that analogous properties as in Theorems 4 and 5 hold true.

4. Numerical Experiments

In this section we summarize some of our numerical experiments for integral
equations of the first kind

(Au)(s) = /01 K(s,)u(t)dt = f(s), 0<s<1 (12)

in a L?-space setting with H = F' = L?(0,1). The discretization is done by
n = 1200 piecewise constant spline basis functions.

In our numerical experiments Tikhonov’s method (3) with m = 1 has
been used. The regularization parameter o has been chosen by the MFE
rule, the RG rule and the D principle, respectively. For C' we have used
C=1.

Our test problem is taken from [6]. [t is an equation (12) with kernel

K1) = s(1—1)(2t —t? — s?)/6 for 0
o t(1—s)(2s—s*—t?)/6  for 0

IA
IA
IA

s<t<1
t<s<1.

IA
IA
IA

The right-hand side f, the solution uf and the maximal smoothness param-
eter p, for which uf = (A*A)P/?v with ||v|| < E for all p € (0, p,) are:

f(s) =sinms/mt, wu(t) =sinnt, p.=oc. (13)

In our computations we used instead of f randomly perturbed noisy data
f5s with ||f — fs]| = 0. Actually f has randomly perturbed 20 times. For
every fs the regularized solution has been computed and the errors in Table
1 represent mean values. Following abbreviations have been used:

€D — HuaD - UTH y  €RG — HUOZRG - UTH y  EME — HUOZME - UTH .

Let us discuss the numerical results. Since uf = (4*A4)?/?v with p > 2
we conclude from Theorem 2 that we should obtain the convergence rate
0(52/3) for the parameter choice o« = apyg, which also holds for @ = agg.
For @ = ap we have to expect the convergence rate O(6'/2). Table 1 verifies
these results and shows that the M E— and RG rules provide more accurate
regularized solutions than the D principle for § sufficiently small.
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Table 1. Errors for example (13)
) ep erc eME eD/51/2 eRg/52/3 eME/52/3
107! .24581 28266 .25211 777 1.31 1.17
1072 .06768 .09226 .07889 677 1.99 1.70
107° .02039 .02073 01721 .645 2.07 1.72
10~* .00624 .00493 .00415 624 2.29 1.93
10~° .00212 .00117 .00098 .670 2.51 2.12
Finally we note that in all examples we observed that ey g < erg and
that ap < apmp < apg which is in agreement with (4) and Theorem 1, (iii).
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