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Abstract: - we consider l inear i l l-posed problems Au: / in Hilbert spaces. Regularized approximatio'su' to soiutions u* of problem Au : f are obtained by u general reguiarization scheme, including theTikhonov method' iterative and other methods. we assume that instead of f e R(A) noisy data / areavailable with the approxirnately gi 'en noise level d: it holds l lt - f l l l l  < c for d --- 0, but c: corstis unknown' we propose a new a-posteriori rule for the choice of the regularization parameter r - r(d)guaranteeing u'15; -1 LL* for d --+ Q. Note that such convergence is not guaranteed for the parameter
choice by the discrepancy principle l l A'u, - / l l  : bd with b < c and for parameter choice rules whicirdo not use the noise level (quasioptimality criterion, wahba's generalized cross-validation rule, Hanserr,sL-curve rule)' we give error estimates which in case llf -/ l l  s d are quasioptimal and order-optimal.

Key words: - i l l-posed problem, noise
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1 Introduction
We consider an operator equation

level,  regularization, parameter choice, convergence, discrepancy

A u : f  ,  f  e R ( A ) ,  ( i )

where A e L(H, F) is the l inear continuous op_
erator between real Hilbert spaces 11 and F. In
general  our problem is i l l -posed (see [ t6, tB]) :  the
range R(A) may be non-closed, the kernel Ar@)
may be non-trivial. We suppose that instead of
the exact data / we have only an approximation
f  e  U w i th  no ise  f  -  f  .

The approximate solution u, of the i l l_posed
problem Au : / is found by some regulari zation
method and depends on the regularization param_
eter r. The important problem is how to choose
the proper regularization parameter r. If there is
some information about the noise lever of the data,
this information should be used for the choice of
r. Consider now the choice of r in situations with
a different amount of information about l l / _ /l l

Case l. FUll information about the noise level
is known: the exact noise level  d wi th l l  f  _ fUn< d is
given. Then the proper parameter choice r : r(6)
Suarantees ur(d) --+ .tj.* for d , 0, where u* is the

solution of Au : /, the nearest to the init ial ap_
proximation us (see Section 2; often zo : 0). In
this situation proper rures for the choice of r are
the discrepancy pr inciple [g, lZ,1g] and i ts modif i_
cation [10] (the Raus-Gfrerer rule [2,II) in case of
non-selfadjoint problem) and the monotone error
rule [6,14].

Case 2. There is no information about noise
level. In this case parameter r ma), be chosen by
the quasioptimality criterion [15,16], by the GC\;_
rule [3,19]. by the L-cune ruie [g] oi Uu rule of [7]
The serious disadvantage of these rules is that con-
vergence urT) - z* for d -* 0 is not guaranteed
(see [1J) .

In applied inverse and il l-posed problems the
situation is often between extreme cases 1, 2: some
approximate d is known, but it is unknown, if the
inequality ttf - tU
paper we are interested irr the case of approxi_
*ul:!y given noise level d: instead of the inequal_
ity ll/ - /ll S d we assume that tti _ tll/6 < C for
, ---* 0, where C is an unknown constant. We give
a rule for the parameter choice r : r(6) guuiur,_
teeing u,$) - z* for d --- 0. For self-adjoint prob_
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lems bhis rule was lately proposed in [a,5], where
convergence is also proven.

2 Regularization methods
We consider the regularization rnethods in the gen-
eral  forrn (see [17,18]) ,  using in case F :  H,
A : A* > 0 (referred iater as the selfadjoint case)
the approximation

l t r r : ( l  - A g , ( / ) ) " 0  + g , @ ) f  ,  Q )

in general case (in non-selfadjoint case) the ap-
proximation

1t r r  :  ( I  -  A .  Ag, (A*  A) ) "o  *  g , (A .  A)A.  j  (3 )

Here us is the initial approximation, / is the iden-
tity operator and the function g'"()) satisfies the
conditions (4) (6),

s u p  l g " ( ) ) l 1 y ,  r
0 < l < a

sup  )o l1  -  )g " ( ) ) l  a  y r -n ,  r  )
0 < ) ( a

sup {Xln,(l) l  < -y*Jr.,r ) 0. [:]
0<. \sa

Here p6, 'y, 'yp and l* are positive constants,

o ) l l ,4ll for the approximation (2) and " 2 l l A. All
for the approximation (3), fo ( 1 and the greatest
value of po, for which the inequality (5) holds is
called the qualification of method.

The following pairs of regularization rnethods
are special cases of general methods (2), (3) for
problems with Il : F, A : A* ) 0 and for gen-
eral problems respectively.

Ml The Lavrentiev method 1ta : (aI + A)-t f
and the Tikhonov method uta : @I +
A . A ) - L A * f  . H e r e  l r o : 0 ,  r :  a - 1 ,  g r ( , \ )  :
( ) + r - t ; - r ,  p o  :  I , ^ l  :  L ,  . y p  :  f  ( t - Y p ) r - P ,

1* -  Lf2.

M2 The iterative variants of the Lavrentiev
method arrd of the Tikhonov method. Let
TrL € N, rrl

initial approximation and 1rn.a : @I *
A ) - '  ( o u n - i , o  *  j )  @ -  1 ,  .  . , m )  ( m e t h o d

( 2 ) ) ,  r n , o  -  ( a I  +  A * A ) - ' ( o u n - r , o  *  A - f )

( n  :  1 , . . . , m )  ( m e t h o d  ( 3 ) ) .  H e r e  r  :  c r - L ,

s ' ( r )  :  *  ( t  -  ( ' . . t ) - ) ,  Po  :  rn ,  1  :  m,
^,/p: (pl^)o(f -  plm)*-P,  ̂ t* :  Jm.

N{3 Explicit i teration scheme (the Landweber's
method) .  Le t  un  :  r rn - �L  -  p (Aun- t  -  j ) ,  p  e
( 0 ,  1 / l l , 4 l l ) ,  n  -  I , 2 , . . .  ( r n e t h o d  ( 2 ) ) ,  u n  :

1 tn - t  -  p .A* (Aun- r  -  / )  ,  t r  e  (0 , l l l lA .  A l l ) ,
n :  I , 2 , . . . ( m e t h o d  ( 3 ) )  H e r e  r  :  n .

e , ( ) )  :  + (1  -  ( r  -  p ) ) ' )  ,  po :  6 ,  1  :  r t ,
1p: (pl(pe))P, t*  :  Jt t -

M4 Implicit i teration scheme. Let a
a constant and rtun * Aun
n  :  I , 2 ,  .  . .  ( m e t h o d  ( 2 ) ) ,  a u "  *  A *  A u n  :

e l t n - t  *  A *  f  ,  n  :  I , 2 , . .  .  ( n r e t h o d  ( 3 ) )

H e r e  r  -  n ,  e , . ( ^ )  :  i ( t - ( " + ) ' ) ,
po : N, ? : 7/a, ^/p -- (op)', l* -- bolJo,
where  bs  :  sup  \ - r /z ( t  -  e - r ;  =  0 .6382.

0 < ) < m

M5 The method of the Cauchy problem: ap-
proximation ur soives the Cauchy problem
u ' ( r )  +  Au( r )  :  f  ,  u (0 )  -  us  (method (2 ) ) ,
u ' ( r )  + A-Au(r)  :  A* f  (method (3)) .  Here

9,.())  :  *  ( t  -  e- '^) ,  po :  N, ^t  :  1,
' y p :  ( p l e ) P , ' y *  -  b 6 .

3 Parameter choice for exactly
given noise level of data
In regularization methods (2), (3) the error ur -u*

depends crucially on the choice of a regularization
parameter r. If r is too small, the approximation
error is large and if r is too large, the error is large
due to noise.

At first we consider the choice of r in the case
when the exact noise level d with ttt - tlt < d
is known. Then the most prominent rule for the
Tikhonov method and for methods M2-M5 is the
discrepancy principle [9,17,18j, where the regu-
larization parameter r : r D is chosen as the
solution of the equation l le", 

- i l l  = bd with
b - const > 1. The second rule in the case of
known d is the modification of the discrepancy
principle [10] (the Raus-Gfrerer rule [2,1i] in non-
seifadjoint case). In this rule the regularization
parameter r : r74pis chosen as the solution of the
equation l ln,(,+u, 

- f)l l  = bd with b : consr ) 1,

(2),  i f  po (  oo,

appr.  (3) ,  i f  po (  oo,

>  0 ,

o , o  <  p  S p o ,

(4)

( ' ' o P o : c o '
t , : \  (K,(A))r/no 1o, appr.

I f f, @A-))t/(2Po) for
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w h e r e  K , ( A )  : 1 - A g , ( A ) .

In the Tikhonov method and in the iterated
Tikhorrov method the Raus-Gfrerer rule and the
rnonotone error rule [6,14] choose the regulariza-
tion pararneters opg and aME as the solutions of'
the equat ions_(,4ur- ,  .o -  j ,  Alu^+,, ,  -  / )  :  bd,  b )
L ,  (Au, , .o  -  j ,Au ,n+r ,o  -  f l t t teun t t t , ^  -  / l l  :  a
respectively. Note that in these methods aiways
o n n  (  o R G ,  l l r o r "  -  u . l l  (  l l u o * "  -  u . l l .

All rules what we considered guarantee con-
vergence llr, - u.l l  *-+ 0 for d -* 0 and order-
op t i rna l i t y :  i f  us  -  'u *  :  (A .A1n/z r ,  u .  €  H,

l l , l l
where in self-adjoint case p € (0,p0 - 1] for r : rD
and p € (O;po] for r : rMD, in non-selfadjoint
c a s e p  €  ( 0 , 2 ' p o -  1 ]  f o r  r : r D  a n d p  €  ( 0 , 2 p s l f o r
r  :  rRG :  1/anC and for r :  rME :  I lavn The
errors of the approxirnations (2), (3) have corre-
sponding forms

u r - ' t t * -  K , ( A ) ( " 1 - u * )  +  g . ( A ) ( f  -  f ) ,

u r  - r r * -  K , (A .  A) ( ro -u . )  +  9 , (A*  A)  A .  t i  -  tS
( 7 )

and in thecase t t i  -  t l l  S O relabions (4),  (6)  y ie id
corresponding estimates

l lr, - ,,. l l  < l lK,(A)(ro - u,.)l l  +7rd (V r > 0),
l lu,  -  r -  l l  < l lK,(A. A)("0 -  r-  )  l l  +1. , f f6 (V r  > 0).

( 8 )

If some rule for choice of the regularization param-
eter gives parameter r(d), which nearly minimizes
the corresponding estimate, i.e.

l lr,(a) - u. l l  ( consr t"s{l l l(, (A)("0- r*) l l  +1rd},

l lr,(a) - u.l l  1! const 
iS{ l l  

K,(A- A)(ro - u.)l l-F

1.yG6j,

then this rule is called quasioptimal. Quasiopti-
mal are the MD-rule, the RG-rule and the rnono-
tone error rule. The discrepancy principle is not
quasioptimal for methods with finite qualification
(po < oo).

It is obvious that if a rule is quasioptimal for
method (2) or (3), then this rule is order-optimal
for all p € (0, po] or for all p € (0, 2ps] respectively.

AII these rules are unstable in this sense that if
the norm of the actual noise in data is only slightly

larger than bd, then the error of the approximate
soiution may be arbitrari ly large, irrespective ot
the value of the ratio of the actual and supposed
noise level .

There are also heuristic parameter choice rules
whicli do not use the rroise level d: the quasiop-
timality criterion [15,16], the Wahba's generalized
cross-validation rule [3,19], the Hansen's l-curve
rule [B] and the rules of [7].

Heuristic ruies often work well, but as showrr
by Bakushinskii [ l ], one cannot prove the conver-
gerlce of the approximate solution.

4 Parameter choice for roughly
given noise level
In applied i l l-posed problems the exact noise level
is often unknown. Therefore in the foliowing we
assume that only rough supposed error level d > 0
is given, but we do not know exact ly,  i f  l l t - / l l  S A
holds or not. We give the rule for the stable pa-
rameter choice which guarantees the convergence
of the approxirnate solution to the exact solution if
only the rat io l l / -  / l l /d is bounded in the process
d --- 0:

l l / -  f l l l s  {  C  : cons t  (d - - -0 ) .  (e )

Let us introduce the functiorr

to(r\ :  {ot l t trz nl/ ' ( '+u, - i ) l l  for appr. (2),
' 

t '/vllA. al(a,u, - /)ll for appr. (3).

We introduce also the constant 1 as follows: if the
qualif ication of the method is p0 : m, then 7 -
'yttz; if Po <-oc, then 1 : [ lpo/(s+zpo)]r+3/(2ps) 1t,
the approxirnation (2) and 7 : [ lpr/(z+zpd]r+L/ps
for the approxirnation (3).

Note that in m times iterated Tikhonov
m e t h o d  p ( r ) :  p ( a - t ) :  

* l l A . ( A u ^ * , , "  
-  / ) l l

Rule R. Let b2 ) \ > 1 and s e [0, 1] for the
approximation (2), " € l0,Il2l for the approxima-
t ion (3) .  I f  pQ) < bz6 then choose r(d) :  1.  In
the contrary case we find at first ,26) > 1 such
t h a t  

e ( r z ( 6 ) )  <  b z d ,  ( i o )

e ( r ) > \ 5  v r € [ 1 , r 2 ( d ) ]  .  ( 1 1 )

For the reguiarization parameter r(d) we choose
the parameter r, for which the function t(r) :
r ' l lB,(Au, - hll h* the global minimum on the
interval  [1,  12 (d)] .
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Let us reformulate the rule R for the choice
of the stopping irrdex n(d) as the parameter r in
iterative rnethods. For this rule R' the analogous
results hold as for the rule R.

Rule R' .  Let  s € [0,  1] ,  s e l0, I l2)  for  ap-
proxirnatiorrs (2), (3) respectively. Let b be the
constant such that b > 7. Find nz!) as the first
' r t  :  I ,2 , . . . ,  fo r  wh ich  p( r r )  S  bd  For  the  reg-
ularization parameter n(<i) we choose n € N, for
which the funct ion t (n)  :  nsl lAr,  -  / l t  has the
global minimurn on the interval [1, n2(d)].

Rule R is s imi lar  to the rules in [12,13,15,16].
Irr [12,13] for the reguiarization parameter the pa-
rametemz(6) was taken. Rule R can be consid-
ered as the generalization of rules [12,13], since in
case s : 0 these ruies coincide, while the func-
tion l lB,(Au, - f ltt is monotonically decreasing
with respect to r. For non-selfadjoint problems the
regularization parameter is chosen in the quasiop-
timality criterion [15,16] as the global minimizer
of the function rl lB,(Au, - f ltt, in rule R as the
minimizer of the function t, l lB" (Au, - /;11 *itn
s e [0, I l2) on the intervui [1, ,zQ)].

In [12,13] for methods M1-M5 the following
results are proven:_ for each f € F we have

,l1lg r(t) 
: 0; if M# S const for d --* 0 then

llu.z(a) - 'tt*ll - 0 for d -- 0. The first re-
suit and the continuity of the function ip(r) guar-
antee that the choice of f inite parameters 12(d)
and r ' (d)
ble. Note that the function cp(r) may be non-
monotone and therefore in Rule R we must use
the conditions (10)-(11) instead of the inequali-
t ies  b i6  <  p ( r )  Sbz l .

The following convergence result is proven in
[4,5] for the approximatiorr (2) and in this paper
we prove it for the approximation (3).

Theorem 1. If ry S const in the process
U -* 0, then in rnethods M1-M5 rule R guarantees
conuergence

l l r " t o l - r . l l  - 0  f o ,  d - - - 0 .

In the following theorem we give the error es-
timate, using notation

t!(r) :: l lK,(A- A)(ro-r.) l l+r- i/Fmax{d, l l /-/ l l  }

(compare (8) .

T h e o r e m  2 .  L e t  A  e  L ( H , F ) ,  f  e  R ( A ) .
Let the pararneter r(d) in approrimation (3) be
chosen accordi ,ng to Rule R wtth s € (0,112).
Thert for methods M1 M5 the followirtg erroT' es-
t imates hold

I rf ltf - /tl
I  l lB, tnt  (  Au,@) -  / l  t t  ,  then

l l r , (a)  -  r . l l  <  C(br ,b* ,d*h+ i1 f^ r / ( r )  .  ( r2)
l - Z s r > o

Her-e

? ld"l lB,1n(Au,tn - i l l
d* : max

r , r t , r  ( 6 )  1 r  1 r '  < 1 2 ( 6 ) * l

b* :  .  - .  max g(r)  16
r (d )  ! r ! rR (d )

est parameter for which gQ) : bz| and p :
1. 1+ (2mlQm*1))z '"+t  lB,  r+bf i lze,  r+b\ l2,  t+
bfil2e fo, rnethods M1-M5 respectiuely, bs =

sup A- t /z (1  -  e - ' ;  =  0 .63g2.
0 < ) < m

2. If max{d, doi < ltt - t l l  < + l lBl(Au1- /) l l ,
then

l l ,"ra) - ,.,. l l  = "(lJI/ ) ' '" i9[. l ,(r) (13)

The proof of Theorem 2 will be presented in a
forthcoming paper.

Proof of Theorem 1. We have from(7) due to
(6) and (9) that

l l r , (o) -?r. l l  S l l l ( , ta l  (A. A)(uo-u.) l l+Cr.  / r1d1A
(14)

(compare (8). To prove the theorem, it suffices
to show the convergence of the right-hand side of
(14).  In [13]  is  proved that

t/rz$)d -- 0 if d --. 0. (15 )

From (15) and from the inequality r(d) < ".2(6),
follows the convergence of the second term of (14).

To show the convergence of the first term of
(14) we consider separately the cases a) r(d) --) oo
(,t --+ oc), b) r(d) S r - const (d --+ 0)" If
r(d) --+ cc in process d ---' 0 then using the
Banach-Steinhaus theorem it is easy to show that

l lK, ta l  (A-A)(ro -  , - ) l l  -+ 0.  Consider now the
case b) r(d) S F: const (d -  0) .  Then we prove
at first that

, ; (6 ) l lB , r (a )  (Au,z (d)  -  / l t l  ,  0 ,  i f  d  - - -  0 .  (16)
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We have

Au,  -  f  :  AK, (A-  A) ( ro  -  u . )  -  K , (AA. ) ( i -  / ) ,
(17 )

frorn which with regard the inequality
l lB,K,(AA.X/ - /) l l
that

r ; (d) l lB, , (o)  (Au, , ( t )  -  / l t t  S
' ; ( , t ) l lB, r ( . ; )  AK,zG)(A.  A)( ro -  u . ) l l  +  r i@)C6.

( 1 8 )

To show the convergence

t i ( , t) l lB,",(a) AK,zG)(A- A)(ro - u-) l l  -  0 (d -- '  0)
( 1 e )

we consider separately the cases a) rz!) --+ oo
(d  -  0 ) ,  b )  , z (6 )  17 :  cons t  (d '0 ) .  I f  12 (6 )  - ,
m in the process d --- 0 then using the Banach-
Steinhaus theorem we can prove similarly as in
[ t8 ]  (p .+5)  that  rp l lB,AK,(AA)(ro -  u . ) l l  *  0
if r ---* oo (0 < p /-ll2) Now consider the case
,z(6)  1T :  const .  Using (17) ,  (5)  we get

,z(6) t / ' l lA.  B?roAK,r(5)@. A)( ro -  " . ) l l  <

,-z(6)t l '  l l  A. B?r<,, l(Au,z$) - l l  i l  +

,z(6) t t2 l lA.  B?267Kr21t1(AA.Xt  _ / l l ) l l  s

b 2 6 * n p l l f  - / l l  s  ( b z + c t t t z ) 6

from which follows that

l lA. BTroAK,r(5)(A- A)(ro - , .) l l  * 0 i f  d ---+ 0.

In [18] (p.66) the implication

LK,-(A" A)(ro - u*) * 0 (n - '  oo) +
K,*(A* A)("0 - z*) * 0 (n -- '  m) (20)

is proven. Similarly we can show that if
AB?^LK,^(A-A)(uo -  u*)  -  0  (n - - ,  oc) ,  then
B\^AK,^(A. A)(ro - r*) * 0 (n - '  m). From the
last convergence and from the inequaiity of mo-
ments

l lB,AK,(A- A)(ro - ".) l l  <

l lBT AK,(A.  A)( ro -  " .  )  l l  ;  l lAK,(A.  A)( ro -  , .  )  l l  ;

S ll B? A K, ( A. A)( ro - r. ) lli (t i, 
- t /' lluo- ". ) | | ) ;

follows the convergence (19) in c&s€ 12(d) < const.
Now the convergence (16) follows from (18), (19)
and (15) .

Taking into account the fact t irat the parame-
ter r(d) is the giobal rninirnurn point of the func-
t i o r r  t ( r )  :  t " l l  B , ( A u ,  -  / l t t  i r r  [ 1 , , ' z ( d ) ] ,  f r o m  ( 1 6 )
follows the colrvergence

t " (d) l lB, tal  (Au,u) -  / t t t  *  0,  i f  d ---  0.

Using (17) we get

r ' (d ) l lB , ta l  A I i ,6 ) (A .  A) ( ro  -  u . ) l l  <

' " ( d ) l l B , t a l  ( A u , $ ) - / l t t + r s ( d ) c d  ,  0 ,  i f  d  - '  0 .

From this relation with implication of type (20)
and with use of the inequality of mornents we get
the convergence l lK,A(A-A)(ug -  ,*) l l  -  0 for
d -- 0 which with (14) proves the theorem.

In the following Remarks 1-3 we consider rule
R for the approximation (2).

Remark 1. Note that for approximation (2)
the analogue of Theorern 2 holds, where iri the es-
timates (12), (13) 2s is replaced by s and in the
definition of. d* ratio r I p is replaced by ".

Remark 2. If the function t(r) :
r ' l lB,(Au, - hll is monotonously increasing orr
the interval  [ r (d)  ,  pr2(6) + 1] ,  then d* S I f  p ' .  In
most of numerical examples we had d. ( 1.

Remark 3. One can show that in methods
M1,  M2,  M3 and M5 coef f i c ien t  c (b1 ,b* ,d* )  <  2 .5 ,
i f  b l  :  bz :  I .57,  b* :  bz,  d* < 7/p".

5 Conclusion
For the choice of the regularization parameter r
it is recommendable to use the noise level, while
heuristic rules as the L-curve rule, the GCV-rule
etc do not guarantee the convergence of the ap-
proximations. If the noise level is given only ap-
proximately and inequality l l i  - / l l
guaranteed, the discrepancy principle and its mod-
if ication are unstable. If d with l l/- / l l /d ( const
for d --- 0 is given, we recommend to use our rules
R_and R', guaranteeing convergence and in case

llf - f ll S a also quasioptimal error estimates.

Note that for increasing parameter s € (0,I12)
the error estimate (12) increases and estimate (13)
decreases. Therefore, if we are almost sure in in-
equality l l i  - / l l  S d, smaller values of s are rec-
ommended.

i

i
I
t
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